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The flow of a water–vapor mixture with phase transitions in a geothermal reservoir is considered. The equa-
tions were solved using a similarity approach. Linearized equations were considered analytically, and the full
nonlinear equations were investigated numerically. It was found that for flows with large gradients of tem-
perature and pressure, the water-saturation function can change nonmonotonically and have a minimum value
at some distance from the extraction point. It was shown that if the liquid phase contains dissolved salt then
the vaporization process can lead to precipitation of the latter in this low-saturation zone. In the plane of the
main parameters, the critical diagram, which distinguishes different regimes of salt precipitation, is con-
structed.

1. It is known that high-temperature geothermal reservoirs can be saturated with water, vapor, or a water–
vapor mixture. Fluid extraction from the formation is accompanied by a pressure drop, which can initiate phase tran-
sitions in the extended domain. Using the similarity approach, some problems dealing with water–vapor mixture
transport in porous permeable reservoirs have been investigated in [1–3]. In [3], the problem of fluid extraction in a
geothermal reservoir was investigated for initially motionless water or vapor. It was shown that for temperatures above
508 K, the water-saturation function can have small deviations from nonmonotonic behavior of less than 1% of the
initial value. The nonmonotonic behavior was explained by the physical properties of the heat capacity of the vapor
phase at high temperatures.

In this work, two-phase flow was considered, where both phases are initially in motion. In the linear ap-
proach, the problem of two-phase flow with phase transitions leads to the solution of an effective equation for tem-
perature. The coefficients of this equation depend only on the physical parameters and initial and boundary conditions
of the problem. This solution describes the flow well for permeabilities less than k < 10−17 m2 and for small pressure
drops [4]. At high permeabilities and a significant pressure drop, at the extraction point the linear solution breaks
down, as the calculated water-saturation function has a negative value. In this case, nonlinear effects are significant, as
can be shown by the nonmonotonic water-saturation function obtained by numerical solution of the nonlinear problem.
The obtained deviations from the nonmonotonic behavior can be significant and can be as large as the absolute value
of the saturation function. The domain in which the saturation function is small and the main part of the volume is
occupied by vapor arises as a result of the high rate of vaporization. This domain lies at some distance from the ex-
traction point, while between the minimum point and the well the water content increases. If the liquid phase contains
dissolved salt, then the vaporization process leads to increasing concentration, culminating in a maximum at the mini-
mum of water saturation. In this case, as the calculation results show, the salt concentration can exceed the value of
salt solubility, resulting in the onset of precipitation. The influence of parameters on salt precipitation is illustrated by
the critical diagram.

2. The geothermal reservoir is considered as a horizontal porous permeable stratum with a nondeformable
skeletal structure, saturated with a heterogeneous water–vapor mixture. Gravity may be considered as negligible. For
the description of heat and mass transfer with equilibrium phase transition, the following system of equations is used.
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This system is based on conservation laws, Darcy’s law [5], the equation of state for water and vapor, the Clausius–
Clapeyron equation for water–vapor mixture [6], and thermodynamic relations
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∂
∂t

 Sρliq + div ρliqvliq = M ,   φ 
∂
∂t

 (1 − S) ρv + div ρvvv = − M ,

(ρC)m 
∂T
∂t

 + div (ρliqhliqvliq + ρvhvvv) = div (λm grad T) ,

vj = − 
k
µj

 fj (S) grad P ,   j = liq, v ,   ln 
P
Pa

 = A + 
B
T

 ,

P = ρvRT ,   dhliq = CliqdT + 
dP
ρliq

 ,   dhv = CpdT ,   dhs = CsdT ,

λm = φSλliq + φ (1 − S) λv + (1 − φ) λs ,

(ρC)m = φSρliqCliq + φ (1 − S) ρvCp + (1 − φ) ρsCs .

Note that the motion of the mixture is controlled by the compressibility of the vapor phase. Therefore, the density of
water may be considered as constant. During extraction of fluid from the geothermal stratum, the pressure in the ex-
tracting well drops (Pw < P0), leading to mixture flux for far-field and accompanying vaporization. The vaporization
process causes a decrease in temperature towards the well-bore. As initially the mixture was at thermodynamic equi-
librium, it is natural to characterize the reservoir by the far-field water-saturation function S0 and the far-field pressure
P0 or temperature T0, since they are related by the Clausius–Clapeyron equation.

3. After substitution, the system of basic equations leads to a system of three equations for temperature T,
pressure P, and saturation S. We consider the problem in the linear approximation, when changes in the unknown
functions are small with respect to their absolute values. Each function is rewritten as the sum of the unperturbed val-
ues corresponding to its initial state and small perturbations:

S = S0 (1 + S′) ,   P = P0 (1 + P′) ,   T = T0 (1 + T′) .

After substitution, neglecting higher-order terms, we obtain the following system of equations:
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 − φS0qρliq 
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 + φ (S0 − 1) P0 

∂P′
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P′
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 = F0 

T′

T0
 ,   F0 = − 

B
T0

 , (3)

(ρC)m = φS0ρliqCliq + φ (1 − S0) ρv0Cp + (1 − φ) ρsCs ,

λm = φS0λliq + φ (1 − S0) λv + (1 − φ) λs ,   q = hv − hliq .
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In Eqs. (1), (2), the perturbation of the water-saturation function only appears as a time derivative. These de-
rivatives can be eliminated from the system, while the pressure perturbations can be eliminated using Eq. (3). As a
result, we have an effective diffusion equation with coefficients dependent on the physical parameters of the system
and initial conditions:

(ρC)eff 
∂T′

∂t
 = λeff∆T′ ,   (ρC)eff = R1 + R2 ,

(4)

λeff = R3 
qρv0

ε
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ρv0

ρliq0
 ,   R4 = 

kq
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T0

φ
 ,
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 ,
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(ρC)m
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S0 + 
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 − 1



 .

For the sake of simplicity, we consider only relative permeability functions:

fliq (S) = S ,   fv (S) = 1 − S .

Note that as pressure and temperature are related by Eq. (3), an equation analogous to (4) can be found for the pres-
sure distribution. In order to obtain the water-saturation function from the system (1)–(3), the terms with spatial de-
rivatives must be eliminated. As a result, the following equation connecting the time derivative of temperature (or
equivalently pressure) and the time derivative of water saturation can be constructed:




R2 − R4 

R1
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∂T′

∂t
 = S0 





q
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 + ε 

R4
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∂S′

∂t
 . (5)

If the initial values of pressure P0, water saturation S0, and pressure in the well Pw are constant, the one-dimensional
problem in a semi-infinite domain admits a similarity solution:

T = T (ζ) ,   P = P (ζ) ,   S = S (ζ) ,   ζ = 
x

√tκa
 ,   κliq = 

kP0

φµliq
 ,   κa = 

kPa

φµliq
 .

The value of the functions at x = 0 corresponds to their values at the boundary between the stratum and the well. In
this case, the distributions of temperature and pressure can be found from Eq. (4) and those of the water saturation
from Eq. (5):

T (ζ) = (Tw − T0) erfc 




ζ
2

 √ κa

aeff




 + T0 ,   S (ζ) = σ 





T (ζ)
T0

 − 1



 + S0 , (6)

where

σ = 
R2R3 − R1R4

R5 + (1 − ε) R4
 ;   R5 = 

q

RT0
 ;   aeff = 

λeff

(ρC)eff
 .

If the pressure in the well Pw is fixed, then the mixture temperature is defined by Eq. (3) and the saturation by Eq.
(6):
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Sw = σ 




Tw

T0
 − 1




 + S0 . (7)

Calculations were made at the following values of physical parameters: ρs = 2.5⋅103 kg/m3, ρliq = 0.9⋅103 kg/m3, λs
= 2 W/(m⋅K), λliq = 0.58 W/(m⋅K), Cs = 103 J/(kg⋅K), Cliq = 4.2⋅103 J/(kg⋅K), R = 461 J/(kg⋅K), q = 2.26⋅106 J/kg,
µliq = 2⋅10−4 Pa⋅sec, µv = 1.3⋅10−5 Pa⋅sec, Pa = 105 Pa, and φ = 0.2.

Simple calculations show that if pressure decreases in the well, the water saturation in the well also decreases
and can have a negative value, although this is physically impossible. If the value of the permeability is large enough,
a small deviation from the initial pressure (when P − Pw << P0) leads to a negative value of the saturation function.
For example, if T0 = 450 K (P0 = 9.619⋅105 Pa), S0 = 0.5, Pw = 8⋅105 Pa, and k = 10−17 m2, then the saturation func-
tion at the well Sw = 0.47; when k = 10−16 m2, Sw = 0.298; and when k = 10−14 m2, Sw = −0.0468. It is natural to
assume that the reason for this behavior is the significant nonlinearity of the water–vapor mixture flow, as the pertur-
bation of the saturation function is comparable to its value. In the following section, the nonlinear problem will be in-
vestigated and a comparison made with the results above.

4. In the self-similar formulation, the dimensionless nonlinear system of the main equations for pressure, tem-
perature, and water saturation has the form
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(8)

here

P
^
 = 

P

P0
 ;   T

^
 = 

T

T0
 ;   κv = 

kP0

φµv
 ;   Λ = 

λliqT0

qρliqκa
 ;   Λs,liq = 

λs (1 − φ)
λliqφ

 ;   C = 
CliqT0

q
 ;

Cs,liq = 
ρsCs (1 − φ)
ρliqCliqφ

 ;   δliq = 
κliq

κa
 ;   δv = 

κv

κa
 .

The system of equations (8) was solved numerically for the same values of parameters as in the previous section. Fig-
ure 1 illustrates the close agreement between the linear and nonlinear solutions for the saturation function in the case
of low values of permeability, when the pressure in the well has the same order as the initial pressure. However, even
in this case there is a noticeable difference in the saturation function in the domain near the well. If the pressure in
the well drops significantly, the behavior of the water-saturation function can be nonmonotonic. The distributions of
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the pressure and temperature are always monotonic. In Fig. 2, the typical nonmonotonic distributions of the water-satu-
ration function are shown for different formation pressures. Increasing formation pressure intensifies the flow rate and
vaporization rate of the mixture. As a result, the phase-transition domain increases and the minimum value of satura-
tion decreases.

In order to analyze the behavior of the water-saturation function, some simplifying assumptions should be
made. Let us assume that the saturation at no point takes a value less than one tenth of its initial value, for example,
as in Fig. 2. Secondly, the viscosities and densities of vapor and water satisfy the relation 

µliqρv

µvρliq
 << 1 .

Lastly, the thermodynamic state should not be near the critical point for water. Then, neglecting small terms in the
first equations of (8), we obtain the following simplified equation:

∂S

∂t
 − δliq 





∂S

∂x
 
∂P

^

∂x
 + S 

∂2
P
^

∂x
2




 = 0 .

In the similarity approach, the derivative of S is defined by

Sζ
′  = 

− δliqSP
^
ζζ
′′

0.5ζ + δliqP
^
ζ
′
 .

The denominator on the right-hand side of the equation is always positive. Therefore, the sign of the derivative of S
is determined by the sign of the second derivative of pressure. The minimum of saturation is reached at the point
where the second derivative of pressure is zero.

5. Decrease in the water-saturation function during mixture extraction from the geothermal reservoir is a very
important factor when the liquid phase contains dissolved salt. Vaporization of the solution leads to a growth in salt
concentration and ultimately salt precipitation, clogging the permeable formation and bringing extraction to a halt. It is
assumed that dissolved salt plays only a passive role and does not affect the physical parameters of the solution or the
position of the Clausius–Clayperon curve in the (P, T) phase plane. In this case, the system of basic equations of heat
and mass transfer must be supplemented by a salt conservation law, which is usually expressed as

Fig. 1. Distributions of the water-saturation function for linear (1) and non-
linear (2) solutions.

Fig. 2. Nonmonotonic distributions of water-saturation for different initial con-
ditions at k = 10−16 m2, Pw = 2⋅105 Pa, and S0 = 0.6; 1) P0 = 106 Pa; 2) P0
= 3⋅106 Pa; 3) P0 = 107 Pa.
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φ 
∂
∂t

 (Sρliqc) + div (ρliqcvliq − φDSρliq grad c) = 0 . (9)

Note that since vaporization due to motion of the mixture occurs as a result of pressure drop, the typical length scale
of the phase-transition domain is determined by the parameter κv >> D. Also, since there are no sharp phase-transition
fronts, the effects of salt diffusion may be neglected. In the case of self-similar solution of the problem of salt distri-
bution, the concentration of salt can be found from the following equation derived from (9):

(ln c)ζ′  = 
0.5Sζ

′  + δliqSζ
′ P

^
ζ
′  + δliqSP

^
ζζ
′′

0.5S + δliqSP
^
ζ
′

 .

If the initial salt concentration is large and the water-saturation function varies considerably, then salt concen-
tration can reach the saturation value, which is a function of temperature and can be determined by approximation of
experimental data in the form

ccrit 




T0

373.15
 T
^ 


 = 0.56355 − 0.59237 





T0

373.15
 T
^ 


 + 0.42265 





T0
373.15

 T
^ 



2

 .

The solution of the problem is valid for concentration values not larger than the solubility:

c (ζ) ≤ ccrit (ζ) = ccrit 




T0

373.15
 T
^
 (ζ)




 . (10)

In Fig. 3a, typical distributions of the water-saturation function, salt concentration, and solubility are shown in the case
where the water-saturation function is monotonic. It is seen that the salt concentration does not exceed the solubility
value. For large initial pressures the flow rate increases, intensifying the vaporization process and correspondingly the
salt-accumulation process. If the rate of vaporization is high enough, the salt concentration can exceed the critical
value of solubility, causing the onset of salt precipitation (Fig. 3b). The model cannot be applied to the salt precipita-
tion itself. If all functions are monotonic, salt precipitation can only take place adjacent to the well. In the case of
nonmonotonic behavior of the water-saturation function, another regime of salt accumulation exists. In Fig. 4a, the case
of nonmonotonic behavior of the water-saturation function is shown. It is evident that the salt distribution will also
have a nonmonotonic character, and the domain of maximum salt concentration will correspond to the minimum of
saturation. For low vaporization rates, corresponding to small values of the initial pressure, the increase in salt concen-
tration is small and does not exceed the solubility at a local temperature. If the initial pressure is large enough, a high
rate of vaporization leads to a correspondingly high rate of increase of salt concentration, which can be larger than the
solubility (Fig. 4b). However, in the last case, the maximal value is reached at some distance from the well. This
means that the extended domain of salt precipitation will also lie away from the well and the region adjacent to the

Fig. 3. Distributions of salt concentration and solubility at k = 10−14 m2, Pw =
106 Pa, and S0 = 0.6; a) P0 = 3⋅106 Pa; b) P0 = 107 Pa.
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well will be saturated by a water–vapor mixture. In the case of salt precipitation, a part of the porous permeable ma-
trix will be filled with solid salt, leading to a reduction of porosity and permeability. Changes in porosity or perme-
ability cannot be addressed using our model; however, useful information about different regimes of salt precipitation
can be obtained.

In Fig. 5, a critical diagram showing the influence of the main parameters on the vaporization process is pre-
sented. There are three domains, corresponding to different kinds of solution. If the parameters lie within domain A,
then salt precipitation does not take place. This regime corresponds to the extraction regimes with small permeability
and pressure gradient. An increase in permeability or decrease in well pressure leads to intensification of the vaporiza-
tion process and a decrease in volume of the liquid phase and a respective growth of salt concentration. At some value
of the parameters, corresponding to the critical curves, the obtained concentrations coincide with the solubility. In do-
mains B and C, the salt concentration exceeds the solubility and salt precipitation sets in. Domain B corresponds to
salt precipitation near the extracting well, while domain C is characterized by nonmonotonic behavior of the water-
saturation function and salt precipitates at some distance from the well-bore. The critical diagram shows that at high
initial pressures and temperatures a high-intensity regime of vaporization takes place (Fig. 5a) and domains B and C
are comparatively large. For low-intensity regimes (Fig. 5b), the salt-precipitation domain shrinks and includes only the
high-permeability range. The fluid-extraction regime can be regulated by change of the well pressure Pw. Therefore, as
the diagram shows, it is possible to reduce the risk of salt precipitation by increasing the well pressure Pw.

6. In the present work, we have investigated the behavior of an equilibrium water–vapor mixture in a geother-
mal reservoir in the case where the saturation function is nonmonotonic. As a rule, geothermal reservoirs are charac-
terized by a high amount of salt in a dissolved form. As a result of vaporization, there will be a zone of low water
saturation in the formation which may initiate salt precipitation in the geothermal reservoir. Salt precipitation leads to
clogging and a drop in productivity of the extracting well and can even shut down the well altogether. If clogging oc-
curs directly adjacent to the well, it may be possible to remediate the situation by some means. However, if clogging
occurs at some distance from the well it will be much more difficult. It is therefore important to know which regime

Fig. 4. Nonmonotonic distributions of saturation and salt concentration for k =
10−16 m2, Pw = 5⋅105 Pa, and S0 = 0.6; a) P0 = 3⋅106 Pa; b) P0 = 107 Pa.

Fig. 5. Critical diagram.
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is applicable to an operating well in order to avoid at all costs the latter regime. Moreover, by increasing the well
pressure it is possible to reach an extraction regime with no salt precipitation in the geothermal reservoir.

This work was supported by the BP Institute for Multiphase Flow (University of Cambridge) and the Russian
Foundation for Fundamental Research (grant No. 03-01-00068).

NOTATION

a, thermal diffusivity, m2/sec; c, salt concentration, kg/kg; C, specific heat, J/(K⋅kg); Cp, specific heat at con-
stant pressure, J/(K⋅kg); D, diffusion coefficient, m2/sec; h, specific enthalpy, J/kg; k, permeability, m2; M, vaporized
mass, kg; P, pressure, Pa; q, specific heat of vaporization, J/kg; R, gas constant, J/(kg⋅K); S, saturation of water; T,
temperature, K; t, time, sec; v, filter velocity, m/sec; x, coordinate, m; ζ, dimensionless similarity variable; λ, thermal
conductivity, W/(m⋅K); µ, viscosity, Pa⋅sec; ρ, density, kg/m3; φ, porosity, m3 ⁄ m3. Subscripts: a, atmospheric value;
crit, critical value; ef, effective value; f ′, perturbation of function f; 0, initial value; liq, liquid; m, mixture; s, porous
medium skeleton; v, vapor; w, value at the well.
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